FINITE PRESENTATION OF THE TAME
FUNDAMENTAL GROUP

HELENE ESNAULT, MARK SHUSTERMAN, AND VASUDEVAN SRINIVAS

ABSTRACT. Let p be a prime number, and let k£ be an algebraically
closed field of characteristic p. We show that the tame fundamen-
tal group of a smooth affine curve over k is a projective profinite
group. We prove that the fundamental group of a smooth projec-
tive variety over k is finitely presented; more generally, the tame
fundamental group of a smooth quasi-projective variety over k,
which admits a good compactification, is finitely presented.

1. INTRODUCTION

The aim of this work is to study analogs in characteristic p > 0
of some classical properties of the topological and étale fundamental
groups of varieties over C. Our main object of study for fundamental
groups is the property of being finitely presented.

If X is a smooth connected algebraic variety over C, the topolog-
ical space on its complex points X (C) is homotopy equivalent to a
finite CW-complex, see [Mor7g|. As a result, the fundamental group
m1(X(C)) (based at some point which is irrelevant for the discussion)
admits a finite presentation. Consequently the étale fundamental group
78 (X), which by the Rieman existence theorem is continuously isomor-
phic to the profinite completion

m(X(C)) = lim m(X(C))/H
H<am (X(C)), [m1(X(C)):H]<oo

of (X (C)), is a finitely presented profinite group. The existence of a
finite presentation for étale fundamental groups of smooth connected
varieties over other algebraically closed fields of characteristic 0 is de-
duced from this.
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In this work, we consider the possibility of obtaining analogous fi-
nite presentability results for a smooth connected variety X over an
algebraically closed field k of positive characteristic p.

We work throughout with profinite groups, so all group-theoretic
notions should be understood in a topological sense. For instance,
all subgroups are closed, and all homomorphism are continuous. Our
notation for a closed (respectively, open) subgroup U of a profinite
group 7 is U <. 7 (respectively, U <, 7). In this vein, a generating set
S of a profinite group 7 is a subset that generates a dense subgroup,
so 7 is (topologically) finitely generated if it admits a finite generating
set S in this (topological) sense.

We use free profinite groups of finite rank, namely profinite comple-
tions of free groups on finitely many letters. The aforementioned finite
generation of a profinite group 7 can then be restated as the existence
of an epimorphism ¢: F' — 7 from a free profinite group F' of finite
rank onto m. If we can find such a surjection ¢ with Ker(y) finitely
generated as a normal subgroup of F, we say that 7 is (topologically)
finitely presented (see [Lub01l, Introduction]).

On a smooth connected variety X over an algebraically closed field
k of characteristic p > 0, the choice of a geometric point x € X enables
one to define the étale fundamental group 7$(X, ), which is a profinite
group, see [SGAT, Exposé V]. The isomorphism class of this group does
not depend on the choice of x, so we will omit x from our notation.
Furthermore, since we only work with étale fundamental groups, we
shall abbreviate 7t(X, z) by m(X).

As is well known, if X is not proper, m1(X) is not necessarily finitely
generated. For example, for each natural number s, and a choice of
s natural numbers m; prime to p and pairwise different, the Artin-
Schreier covers y? —y = 2™ of the affine line A} = Spec(k[z]) yield a
surjection m(A}) = @®:_,Z/pZ. In order to have finite generation one
has to restrict (in some sense) the ramification at points on a compact-
ification of X, so to restrict attention to an appropriate quotient of the
fundamental group.

We consider several quotients/completions of our profinite groups.
For a profinite group =, and a prime number ¢, we denote by

7 = Jm /U
U<,m, [m:U] is a power of £

the maximal pro-¢ quotient of 7, which is also called the pro-¢ comple-
tion of 7. Similarly, we denote by

“ = lim T /U

U<om, [m:U] is not divisible by ¢

-
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the maximal pro-prime-to-¢ quotient of =, which is also called the
prime-to-¢ completion of 7.

In this work, our main way of restricting ramification is to consider
tame fundamental groups. For simplicity, we discuss here the case
of curves, and refer to Section |3 for the general case. Let X — X
be a smooth projective compactification of a smooth connected quasi-
projective curve. Recall that we have fixed a geometric point z, thus
a universal cover X — X based at x which identifies (X, z) with
Aut(X/X). We drop now x from the notation. The tame fundamental
group 7t (X)) is the quotient of m;(X) defined by

(X)) = @Aut(Y/X)

where X — Y — X is an intermediate cover, Y is connected and
Y — X is finite tame. Tameness is a condition on each point on
a normal compactification Y: an extension of discretely valued rings
is tame if the ramification index is prime to p and the residue field
extension is separable ([GMTIl Definition 2.1.2, p.30]). By [SGAI
XIII, Corollaire 2.12], the (profinite) group 7 (X) is finitely generated.
We have the surjections

m(X) = 7} (X) = m (X))

and the prime-to-p-completion of 7t (X) is 7 (X)®). Moreover, if X is
proper, the surjection 7(X) — 7¢(X) is an isomorphism (by definition).
In higher dimension, the Lefschetz theorem and Grothendieck’s spe-
cialization theorem are used to show that 7t(X) is finitely generated
(see e.g. [Esnl7, Corollary 7.2], [EK16, Theorem 1.1 (a)]).
The main theorem of our note is the following.

Theorem 1.1. Let X be a smooth connected quasi-projective variety
defined over an algebraically closed field k of characteristic p > 0. If
X admits a smooth projective compactification j : X — X such that
X\ X is a normal crossings divisor, then wt(X) is finitely presented.

If X is smooth projective then Theoremsays that 71 (X) is finitely
presented. In case X is a smooth projective curve, Theorem is a
consequence of [Shul8| Corollary 1.2], which also gives a similar result
over finite fields, including a determination of the number of relations
in a presentation. Obtaining (a good bound on) the number of relations
in higher dimension remains a challenge.

If X is a smooth connected variety defined over an algebraically
closed field, we know by Michele Raynaud ([Ray72, Théoreme 2.3.1,
Remarque 2.3.2]) under the assumption of strong desingularization
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([SGAS, I 3.1.5]) and by Orgogozo in general (|Org03, Théoreme 4.11])
that m (X)®) is finitely presented. The proof relies on étale descent
([SGAT, Exposé IX, Théoreme 4.10]) for 7, (X)®") to reduce to a smooth
projective normal crossings divisor compactification, then in this situ-
ation on the Lefschetz theorem for m (X)®) ([Ray74, Remarque 4.3])
and for smooth surfaces on a Lefschetz pencil method. As a descended
finite étale cover of a tame finite étale cover is not necessarily tame, we
can not make the reduction to a good compactification case in Theo-
rem Our method also gives another proof of the finite presentation
of m (X)®), see Corollary [3.6

For X a curve, by [SGATL Exposé XIII, Corollaire 2.12], the group

7r§p l)(X ) is described by the presentation

<.T1, ey L2g5 Y1y - -y Yn [xhxz] T [‘T29*17x29]y1 o Yn = 1>

where ¢ is the genus of X, n is the number of points on a compactifica-
tion of X that are not on X, and [a, b] = aba~'b~! is the commutator.
This presentation is obtained by lifting X to characteristic 0. Theorem
1.1|cannot be proven in this way since certain quasi-projective varieties
do not lift to characteristic 0.

Recall that a profinite group = is called projective if for every diagram

T
B

Y2
A——B
P

where ¢ and A are surjective homomorphisms of profinite groups, there
exists a homomorphism 0: 7 — A making the diagram commute. A
diagram as above is called an embedding problem, and the map 6 is
called a weak solution. By [RZ10l Proposition 7.6.7], originally proven
by Tate, see [Gru67], we know that = is projective if and only if its
cohomological dimension is at most 1. By [RZ10, Lemma 7.6.3], pro-
jectivity is also equivalent to being isomorphic to a subgroup of a free
profinite group. For a prime number ¢, being a projective pro-¢ group
is equivalent to being a free pro-¢ group by [RZ10, Theorem 7.7.4].
Every finitely generated projective profinite group is finitely presented
by [Lub01, Proposition 1.1].

If X is a smooth curve, the group 7%(X) is finitely presented by
Theorem We strengthen this in the affine case.

Theorem 1.2. Let X be a smooth connected affine curve defined over
an algebraically closed field k of characteristic p. Then 7t (X) is pro-
jective.
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This result is a variant of the folklore fact that m;(X) is projec-
tive, see for instance [NSW13| Theorems 10.1.2, 10.1.12]. Our proof
proceeds along similar lines, one difference being the need to invoke a
result of Shafarevich, saying that the maximal pro-p quotient of the
fundamental group of a smooth compactification X of X is a free pro-p
group.

We enhance Theorem|[I.2] by introducing the notion due to Drinfeld of
ramification bounded by a given finite étale connected cover h : X' —
X. Under the assumption that h is saturated (see Definition ,
there is a naturally defined quotient 7%(X) of 71 (X) with the property
that a Galois cover Y — X has ramification bounded by h precisely
when the surjection 71 (X) — Aut(Y/X) factors through 7%(X). The
quotient 71 (X) — 7i(X) factors through 7#(X) and is equal to it if
h is an isomorphism. We prove in Theorem that for a smooth
connected affine curve X over an algebraically closed field of positive
characteristic, the group 7%(X) is finitely presented.

We shall now discuss the methods we use. The starting point of
our proof of Theorem is the following characterization of finite
presentability taken from [Lub01l, Theorem 0.3].

Theorem 1.3 (Lubotzky). Let w be a finitely generated profinite group.
Then m 1is finitely presented if and only if there is a constant 7 € Rx
such that for any r-dimensional linear representation M of m over a
prime finite field F, one has dimgH? (7, M) < v - 7.

In [Lub0l, Theorem. 0.2] there is a (more refined) cohomological
expression for the number of relations of 7, but we do not use it here.
In order to obtain a bound on the growth of H?(m, M), linear in r, for

7 = mi(X) we use different methods according to the characteristic of

F.

If F has characteristic prime to p, we could rely on Lubotzky’s theo-
rem together with the finite generation of 7(X)®) to obtain one part of
the necessary information. We do not do this, in particular to show how
efficient is Lubotzky’s theorem: it proves everything at once. In fact,
the linear bound can be shown to exist without assuming the existence
of a smooth normal crossings compactification, see Proposition [3.5]
So assuming F has characteristic prime to p, we first compute that
the natural map H?(mi(X), M) — H?*(X, M) is injective (see Corol-
lary . Using this and an alteration a la de Jong-Gabber-Temkin,
we can reduce the problem to the case where X has a smooth projec-
tive compactification with a normal crossings divisor at infinity. We
can then apply the Lefschetz theorem for the tame fundamental group
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[EK16l, Theorem 1.1], thus reducing the problem to surfaces (varieties
X of dimension 2).

We use purity and Deligne’s theorem [III81] Corollaire 2.7] according
to which the Euler characteristic of our tame M depends only on the
geometry of X and on r. This enables us to obtain the linear bound for
each F, separately. Showing that the bound can be made independent
of ¢ relies on the cohomological representation of the zeta function in
case k is the algebraic closure of IF),.

If F = F,, we need numerical tameness for 7¢(X) (rather than just
tameness), a notion introduced in [KS10, Section 5], which says that the
local inertial groups of the finite quotients of 7t (X') have order prime to
p. This condition is fulfilled when X has a smooth compactification j :
X < X with anormal crossings divisor at infinity ([KS10, Theorem 5.4
(a)]). This is the reason why we need this assumption. This allows
us to conclude that Grothendieck’s spectral sequence with computes
equivariant cohomology in the tower defined by the finite quotients of
7t(X) degenerates, see (4.2)), yielding an inclusion H?*(7!(X), M) C
H?(X, j,M), see Proposition . Again the Lefschetz theorem loc. cit.
reduces the problem to dimension 2.

In dimension 2, we construct a locally free sheaf M on X of rank
r which is acted on by the Frobenius F' and admits an Artin-Schreier
exact sequence which describes j,M as the F-invariants of M. If X
is projective, then M is semi-stable of degree 0. This enables us to
find an ample curve which does not depend on M which contains the
necessary numerical information. If X is not projective, in order for our
construction of M to be helpful, we need that the degree of M, which
is not positive by construction, is bounded below by a quantity which
depends on M only via its rank r. We deduce this from Abhyankar’s
lemma.

For Theorem the inclusion H?(wt(X), M) — H?*(X, M) above
implies H?(7w}(X), M) = 0 by Artin’s affine theorem if F has charac-
teristic not equal to p and by [Sha47, Theorem 2] if F = F,,.

Acknowledgement: We thank Marco D’Addezio for helpful corre-
spondence, and for pointing us to |[GMT71]. After posting a first draft
of our article, we received various comments, notably on references. We
warmly thank Mikhail Borovoi, Luc Illusie and Fabrice Orgogozo for
their kind help. We thank the referee for the kind and helpful report.

2. THE TAME FUNDAMENTAL GROUP OF A SMOOTH AFFINE CURVE

Proposition 2.1. Let Y be a smooth connected affine curve over an
algebraically closed field k of characteristic p > 0, and let { be a prime
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number. Then the mazimal pro-€ quotient ©t(Y)©) of the tame funda-
mental group 7t (Y) of Y is a free pro-{ group.

Proof. Choose a smooth compactification Y < Y. In case ¢ # p, the
proposition follows from [SGAT], XIII, Corollaire 2.12]. In general, the

continuous homomorphism 7¢(Y) — m(Y) is surjective as if Z — Y
corresponds to a finite quotient H of 7 (Y), and admits an intermediate
finite cover Z|y — X — Y in restriction to Y, then the normalization
X of X in the function field of Z is unramified along Y \ Y.

We assume next that ¢ = p. Since the tame local inertia at a point
in Y \ Y is a pro-p’-group, every finite étale tame Galois cover of Y
of degree a power of p is unramified along Y \ Y. We conclude that
the surjection 7¢(Y) — 71 (Y) induces an isomorphism on 7t (Y)® =
71 (Y)®). To finish the proof, we apply [Sha47, Theorem 2| which says

that 7 (Y)® is a free pro-p group. U

For a modern proof of the theorem of Shafarevich referred to above,
see [Cre84l pp. 37-38].

Proposition 2.2. Let X be a smooth connected affine curve over an
algebraically closed field k of characteristic p > 0, and let £ be a prime
number. For every open subgroup U of mt(X), the group UY) is free
pro-£.

Proof. Let X < X be a smooth projective compactification. An open
subgroup U C Wi(X ) corresponds to a finite étale cover Y of X, tamely
ramified along X \ X. The following claim reduces Proposition to

Proposition [2.1] O
Claim 2.3. U = 7i{(Y).
Proof. Since U is an open subgroup of 7 (X), we have

U= lim  U/N,

N<U, N<ort(X)

as the open subgroups N of U which are normal subgroups of 7t (X)
form a cofinal family of open normal subgroups of U, namely they
intersect trivially. On the other hand the finite étale Galois cover Z —
Y corresponding to V' < U is tame if and only if the composite Z —
Y — X, which corresponds to V' < 7{(X) is. Indeed the corresponding
statement is true for extensions of discretely valued rings, that is, if
R — S is tame, then R — S — T is tame if and only if S — T is
tame. Thus U = 7t (Y).

O
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Proof of Theorem [1.3. We need to show that the cohomological dimen-
sion of 7t (X) is at most 1. By definition this amounts to showing that,
for every prime number ¢, the ¢-cohomological dimension of 7} (X) is
at most 1. By [NSW13| Corollary 3.3.6], this is equivalent to the coho-
mological dimension of an ¢-Sylow subgroup S, of 7} (X) being at most
1. Recall from [NSW13l page 209] that

S= lm U
Si<U<omt (X)
which in view of Proposition [2.2]is an inverse limit of free pro-¢ groups.
We conclude from [RZ10, Theorem 3.5.15] that Sy is a free pro-¢ group.
In other words, the cohomological dimension of S, is at most 1. O

Let X be as in Theorem [L2] Fix a finite étale cover h : X’ — X
with X’ connected. Following Drinfeld [Dril2, Theorem 2.5 (ii)] we
pose the following definition.

Definition 2.4. 1) A finite étale cover Y — X has ramification
bounded by h if Y xx X' — X is tame.
2) We say that h is saturated if K = Ker(m(X') — 7t(X")) is
normal in m(X).
If h is saturated we set 71 (X) = m(X)/K.

Of course any h is dominated by A’ : X" — X’ " X such that X" is
connected, h' is finite étale Galois and saturated. With this definition,
we see that a finite Galois étale cover Y — X with Galois group H
has ramification bounded by A if and only if the quotient m(X) — H
factors through #?(X) — H. The quotient m(X) — mt(X) factors
through 7/(X) and 7'(X) — 7{(X) is an isomorphism if & is tame.

Theorem 2.5 (Corollary of Theorem [1.2). We assume that h is satu-
rated. Then the group 7(X) is finitely presented.

Before giving the proof of Theorem [2.5] we need to recall a couple of
facts. We shall make constant use of the following elementary bounds
throughout the article.

Claim 2.6. For any profinite group 7, let M be a linear representation
of m of rank r defined over the prime field F. Then
(i) dimpH™ (7, M) < |x|™-r for all m € N if 7 is finite;
(ii) dimpH' (7, M) <& -r if 7 is generated by § elements;
(iii) dimpHO(m, M) < 7.

Proof. (i) comes from the description of H™ (7, M) with cocycles viewed
as maps @ : " — M, (ii) as well together continuity of ¢ and the
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cocycle condition p(a-b) = a - p(b) + ¢(a), and (iii) follows from the
identification of cohomology in degree 0 with the fixed points of 7 in
M. O

The following claim will give us practice in applying Theorem
and the accompanying cohomological machinery. Another approach
would be to follow the arguments establishing the analogous facts in
combinatorial (discrete) group theory.

Claim 2.7. i) If1 - S — G — @ — 1is an extension of profi-
nite groups where S and () are finitely presented, then G is
finitely presented.

(ii) If U C G is a finitely presented open subgroup of a profinite
group G, then G is finitely presented.

Proof. We prove (i). A union of a generating set for S with a lift of a
generating set for () is a generating set for GG, so (G is finitely generated.
We can therefore apply Lubotzky’s Theorem Let M be a finite-
dimensional representation of GG of rank r defined over a prime field F.
We use the spectal sequence

ESY = HY(Q, H*(S, M)) = H™(G, M).

One uses Claim for the groups H®(S, M) with b = 0, 1,2 then again
loc.cit. for ES® with a = 0,1,2. This finishes the proof of ().

We prove (ii). Clearly G is generated by the generators of U and
lifts of the finite set G/U. For M a rank r representation of G defined
over I, note that N = (Cor o Res(M))/M is a representation of G of
rank (e — 1)r where e = [G : U]. We apply Claim [2.6] (ii) to H'(G, N)
and the assumption to H?*(U, M) in the exact sequence H'(G, N) —
H?*(G,M) — H*(U, M) to finish the proof of (ii).

U

Proof of Theorem[2.5. By definition, m(X’) C m(X) is open, thus
(X)) = m(X")/K C m(X)/K is open as well. We apply Theorem [1.2
to 7 (X"), which together with Claim (ii) concludes the proof.

U

3. THE PRIME TO p PART OF THEOREM [L.]]

The aim of this section is to prove Proposition [3.5| and to deduce
from it the finite presentation of 7 (X)®").

Let X be a smooth quasi-projective variety defined over an alge-
braically closed field k£ of characteristic p > 0. The choice of a geo-
metric point x € X enables one to define the tame fundamental group
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7t (X, z) as the automorphism group of the fiber functor to Sets de-
fined by z from the finite étale covers which are tame on all curves,
[KS10L Sec. 4, Definitions, Theorem. 4.4]. In the case X has a smooth
projective compactification j : X < X such that X \ X is a normal
crossings divisor, this is the same definition as [GMTI) Section 2.2].

As the isomorphism class of this group does not depend on the choice
of x, we omit x in the notation. The restriction functor from the
category of tame finite étale covers of X to the finite étale covers defines
a surjection 71 (X) — 7t (X).

Remark 3.1. Let X be a normal projective compactification of X as
above, with boundary D = X\ X. Let h: Y — X be a tame étale
covering, and let o : ¥ — X be the branched covering obtained by
normalization of X in the function field k(Y). Let # € X be a smooth
point, which is also a smooth point of D.

Then by definition, the tameness of h implies that the branched
covering h: Y — X has the following structure in a neighbourhood of

x: if D has codimension 2 in X near z, then h is étale over x, while
if D has codimension 1, then for any y € h=1(z), the Complete local

~
~Y

rings O, %, Oyy satisfy Oyy = $X[[t]]/(t — 5), where s € @%5( is
a generator of the ideal of D, and n is an integer relatively prime to
p, which is the ramification mdex of h at y. We express this by saying
that h is “locally Kummer” near z. Clearly if C C X is a projective
smooth curve containing z, and if C' meets D transversally at x, then
the restricted covering h™'(C') — C is also locally Kummer near ,
with a similar description of the extension of complete local rings.

We recall the following fact.

Proposition 3.2. Let X be a smooth quasi-projective variety defined
over an algebraically closed field k of characteristic p > 0. Then its
tame fundamental group 7t (X) and its prime-to-p fundamental group
71 (X)®) are topologically finitely generated.

Proof. Let j : X — X be a normal projective compactification of X,
with boundary D = X \ X. Let C' C X be a complete intersection of
dimension 1 of ample divisors in good position with respect to D (this
means here that C' is disjoint from the singular locus of X, as well as
the singular locus of D, and further C intersects D transversally). Set
C = CnNX. We now prove that 7t(C) — 7t (X) is surjective.

Of course, if j is a good compactification, this follows from [EK10,
Theorem 1]. In general, If o : Y — X is a connected étale cover, let us
denote by h : Y — X the normalization of X in the field of functlons
k(Y). Then hls : B := f~}(C) is connected. On the other hand, if
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in addition h is tame, then as C' is transversal to the smooth locus of
D, h|g is locally Kummer (see Remark [3.1| above), thus B is smooth.
Thus B = Y N B is connected as well. Since h was any connected tame
étale cover, this proves the claimed surjectivity on tame fundamental
groups.

We then apply Theorem|[L.2] in particular its consequence that 7} (C)
is finitely presented. This concludes the proof for 7t (X), thus for its
quotient 7 (X)®) as well.

O

We simplify the notation and set 7* = 7% (X) when there is no con-
fusion. We write an exact sequence of profinite groups

(3.1) l-K—>n—or—1
defining K.

Lemma 3.3. For a prime finite field F of characteristic different from
p we have H'(K,F) = 0.

Proof. The proof is inspired by [GMT1], Proposition 5.2.4 a). Let X =
X be the universal cover with base point z and Galois group 7 and
X — X' — X be the intermediate 'universal tame cover’ with Galois
group 7'. Then K = (X", z). By definition H*(X,F) = 0 thus the
Lyndon-Hochshild-Serre spectral sequence applied to X — Xt implies
HY(K,F) = HY(X',F).

On the other hand, #'(X",F) = lim H'(Xa,F) for all the interme-
diate covers X! — X, — X with X, — X finite. Let a € H'(K,TF),
so there is X, — X as above so that a is the image of a class a, €
HY(X,,F) = H' (7>, F) = H'(7*! F) where 7* = m(X,) C 7, and
7t is its tame quotient. The latter factorization follows from the fact
that the pro-f-completion of 7@ is a quotient of 7%®. This defines an
F-torsor based at x

Xa@) = X Xpa F = X! xpai F = X,
which is tame, thus the composite X4) — X, — X is dominated by
X', Finally by construction the image of a, in H'(X,(a),F) vanishes.

This finishes the proof.
O

Corollary 3.4. Let M be a representation of ©* on a finite dimensional
F-vector space, where the characteristic of F is not p. Then the maps

H*(x', M) — H*(m, M) — H*(X, M)

are injective.
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Proof. Let X > X be the universal cover with base point x. Then
by definition H!(X,F) = 0. By the Lyndon-Hochshild-Serre spectral

sequence we conclude

(32) H'(m,M)=H'(X,M)0<i<1, H*(n,M)— H*(X, M)

regardless of the characteristic of F. We have the exact sequence
(HY(K,F) @ M)™ — H*(z', M) — H*(x, M).

We apply Lemma [3.3] O

Proposition 3.5. Let X be a smooth quasi-projective variety defined
over an algebraically closed field k of characteristic p > 0. There is a
constant v € Rsq such that for any r-dimensional linear representation
M of 7 over a prime field F of characteristic prime to p one has

dimp H? (7', M) < 7 - 7.

Proof. By the prime to f-alteration theorem [Teml17, Thm. 1.2.5] by
de Jong-Gabber-Temkin, there is an alteration h : Y — X of degree §
a power of p, with a smooth projective compactification ¥ < Y such
that Y \ Y is a strict normal crossings divisor.

Let d be the dimension of X. For x € H*(X, M),y € H*2(X, M"),
one has Tr(h*x U h*y) = 6(z Uy) € H*(X,F) where the trace map
Tr: H?4(Y,F) — H?*(X,TF) is an isomorphism. (We do not write Tate
twists as k is algebraically closed). If h*z = 0, then h*x U h*y = 0; as
0 is prime to the characteristic of F, this implies x Uy = 0. Thus if
h*z = 0 then xUH?4"2(X, M") = 0, which by Poincaré duality [SGA4,
Exposé XVIII, Théoreme 3.2.5] implies that = 0. We conclude that
h* : H*(X, M) — H?*(Y,h*M) is injective, thus by Corollary that
h* . H*(w', M) — H?*(m{(Y'), h* M) is injective as well. In other words,
we may assume that X has a smooth projective compactification X —
X such that X \ X is a strict normal crossings divisor.

We apply [EK16, Theorem 1.1 b)] (using the definitions of the Lef-
schetz condition introduced in [SGA2, X, pp. 89-90]) to reduce to the
case where d = 2. Let C' be smooth ample curve on X in good posi-
tion with respect to X \ X. Set C = X N C. By purity [SGA4, XVI,
Théoreme. 3.7], the Gysin morphism H°(C, M) — HZ(X, M) is an iso-
morphism, thus the sequence H(C, M) — H*(X, M) — H*(X\C, M)
is exact. As dimpH°(C, M) < r we may assume that X is affine and
we compute H*(X, M). By Poincaré duality, Deligne’s theorem [III81]
Corollaire 2.9], and the tameness of M, one has

X(XvM) = Xc(Xv Mv) = T'X(Xv]F)'
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By Artin’s vanishing theorem [SGA4, Corollaire 3.5] we have H3(X, M) =
H*X, M) =0. Thus

dimp H2(X, M) < dimgH' (X, M) +r - x(X, F).

We apply Claim [2.6 and to H'(X, M).

It remains to bound |x(X, F)| independently of the choice of F. This
is a general argument for a normal crossings divisor compactification
(X, D). Write C = U;C; = X \ X, where the C; are the irreducible
components. For I = {iy,... i}, set Cj = ﬂieIC’~. Then

X(X,F) = x(X,F) + Z x(Cr, F

=

On the other hand, the integers lx(X,F)], Ix(C7,TF)| are seen to be
independent of the choice of F, as follows. The cohomology groups
Hi(—,Z) are modules of finite type over Z,. If V is a finite type Z,-
module, so V.= L @& T where L is free and T = ®'Z,/0",n; > 1
is torsion, one has dimp,(V ®z, Fy) = dimg,(V ®z, Q) + t while
dimg,Ker(-¢ : V' — V) = t. This together with the (universal coef-
ficient) exact sequences (for i > 0)

0 — Hi(—, %) ®z, F — H(—,F)) —
Ker(-0 : (H™'(—,Z¢) — H™' (=, Zy))) — 0.

shows x(—,Fy) = x(—, Q) and reduces the problem to the indepen-
dence of £ of |x(X,Qy)]|,|x(C1,Q|. This last point can be seen in at
least two ways. We can argue using Deligne’s purity of cohomology
[Del80, Théoreme 3.3.1] out of which we conclude that even the sin-
gle dimensions dimg, H'(X, Q) and dimz H'(C7, Q) do not depend on
( # p. Orif k =F, we argue that y is the difference of the degree of
the denominator and the degree of the numerator of the zeta function.
If k # F, one reduces to this case by specialization. Either way this
finishes the proof.

O

We now deduce the finite presentation of 7, (X)®) (see the introduc-
tion).

Corollary 3.6. Let X be a smooth connected quasi-projective variety
defined over an algebraically closed field k of characteristicp > 0. Then
71(X)P) is finitely presented.

Proof. We set 7)) = 7r§p /)(X, x) to simplify the notation, which by
Proposition [3.2 is finitely generated. We apply Theorem [L.3] to an 7-
dimensional linear representation M of 7). As the order |7(®)]| is
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prime to p as a supernatural number, one has H?(7®), M) = 0 from
[Ser97, §3. Proposition 11, Corollary 2] when F = F,. We now assume
that the characteristic of IF is prime to p. We define the exact sequence

1 K@ x5 70 51
yielding the exact sequence of cohomology
(3.3)  (HY(K"),F) @ M)Y™ = H*(x%), M) — H* (', M).

By [RZ10, Lemma 3.4.1(d)], applied with K = K®) and the forma-
tion C of finite groups of order prime to p, one has

(3.4) HY (K®) F) =0,

Thus (3.4) implies that the term on the left in (3.3]) vanishes. We
now apply Proposition [3.5] to the term on the right to finish the proof.
l

4. THE TAME FUNDAMENTAL GROUP OF A SMOOTH
QUASI-PROJECTIVE VARIETY ADMITTING A GOOD
COMPACTIFICATION

The aim of this section is to prove Theorem [L.1] We set 7 = 7! (X))
to simplify the notation. Given Proposition|3.5|which is true even if one
does not have a good compactification, it remains to bound H?(xt, M)
linearly in 7 when M is defined over F = [F,. By M we denote the local
system associated to M.

Proposition 4.1. Let X be as in Theorem[1.1, M be a linear repre-
sentation of i (X) defined over F,. Then there is an injective Fy-linear
map H*(7t(X), M) — H*(X, j.M).

Proof. For each open normal subgroup U <1,7" we define the fibre square

Xy =~ Xy
S
xX—1-x
where hy is the tame Galois cover defined by 7" — Gy = 7' /U and Xy
is the normalization of X in the field of functions k(Xy) of Xyy. Then

JusMY is a Gy-equivariant constructible sheaf on Xy. By [Suw79,
Theorem|, Grothendieck’s spectral sequence [Gro57, Théoreme 5.2.1]

Egb = Ha<GU7 Hb(XU>jU*MU)) = Ha+b(XU7 GU’jU*MU)'
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exists where on the right stands equivariant cohomology. By definition
for U C Ker(n! — GL(M)), MY = h};M thus

(4.1) heY ju MY = j.M

)

where hg*U is the Gy-invariant direct image functor.

As j is a normal crossings compactification, hy is numerically tame
in the sense of [KS10, Section 5], see [KS10, Theorem 5.4 (a)]. Thus
by [Gro57, Corollaire p.204] one has

(4.2) RZOAGY ju . MY = 0,
HH(XU7GUJJ'U*MU) - Hn(X7]*M)

We conclude that the spectral sequence EZ° yields for each U a short
exact sequence

HO(GU, Hl(XUjjU*MU)) — H2(GU, HO(XUJU*MU)) — HQ(X,j*M)

which is compatible with the restriction maps as we make U smaller.
For U contained in Ker (7t (X) — GL(M)), we have H' (X, jr.M") =
HY(Xy,TF,) ®r, M where on the right ®zM means the [F,-vector space
as a Gy-representation. There is an open (normal if we wish) subgroup
V <, m(Xy) such that the induced map H'(Xy, F,) — H ((Xv)y,F,)
is equal to 0. We take V <, 7' open normal and contained in the
inverse image of V under the surjection 7%(Xy) — m(Xy). Then the
map H'(Xy, ju.MY) = H (Xy, jy.M") is equal to zero. We conclude
that

liA,l}[2<G!U7‘]\4U) — H2(X,]*M>
U

is injective. By [NSW13| Proposition 1.2.5] we have
H* (', M) = lim H(Gy, M)
U

where U ranges over all open normal subgroups of 7" and Gy = #*/U.
This finishes the proof.
O

Proof of Theorem[1.1. As j is a normal crossings compactification, we
apply [EK16, Theorem 1.1 b)] (using the definitions of the Lefschetz
condition introduced in [SGA2, X, pp. 89-90] and [SGA2l X, Exem-
ple 2.2]) to reduce to the case of dimension equal to 2. We fix a linear
representation M of rank r of 7 over F,. For U = Ker(r* — GL(M))
we define hyy, hy as in the proof of Proposition Then hj; M is a triv-
ial representation of U. We set L = H°(Xy, h}; M) for its r-dimensional
vector space of global sections. We define £ = L ®p, Og,,, a locally
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free sheaf of rank r which admits an action of the Frobenius Fyy on Xy
with invariant sections L. The Artin-Schreier sequence on (Xy )

0 L2 r o

is an exact sequence of Gy-equivariant sheaves. By definition, we have

L = ju.hi;M. Applying (4.1) and (4.2) we obtain the induced exact
sequence

0= M > MEB5 M=0

on Xg where M = hSV L, ¢ = h5Y (1 ® Fy — 1). On the other hand,
the map v is of the form 1y — 1, where ¢p = hiV (1® Fy) is a p-linear
endomorphism of M. Since H'(X, M) is finite dimensional over k, we
have that
Yp—1: H(X,M) = H' (X, M)

is surjective, by [SGA7.2, XXII, Proposition 1.2]. Similarly the finite
dimensionality of H?(X, M) and [SGAT.2, XXII, (1.0.10) and Propo-
sition 1.1] imply that

H*(X,j.M)®r, k C H*(X, M)

and it suffices to bound the dimension over k of the right hand side.
Since Xy is normal of dimension 2, hence Cohen-Macaulay, X is
smooth, and hy is finite and surjective, we have that hy is flat, and
hence hy, L is locally free on X. As a consequence, the invariant direct
image subsheaf M C hy,L, which is locally a direct summand (by
tameness), is also locally free.
By definition

(4.3) WM C L

and by construction this inclusion restricts to an isomorphism on Xy .
On the other hand, we claim that the natural inclusion

(4.4) L®og, hyOx(~=D)C L

(determined by the ideal sheaf hj;Ox(—D) C Oy, ) factors through an
inclusion compatible with

(4.5) L ®oy, hi;Ox(—D) C hi;M

where D is the reduced normal crossings divisor X \ X. Indeed, as
both sheaves in are locally free, both are subsheaves of £, Xy is
normal, and hj; M = £ on Xy, it is enough to check the inclusion in
restriction to A — Xy where A = Spec(R), R is a complete discrete
valuation ring with residue field k, so that A is in good position with
respect to D (that is, A is the complete local ring on C' of a point
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x € DN C, with C chosen as in Remark . Then Xy xx A — A is
a disjoint union of Kummer covers T — A, where T' = Spec(S), S =
R[t]/(t" — x - u), w € R*, x is the uniformizer of R, and (n,p) = 1,
which are permuted by the quotient of Gy by the stabilizer of T'. Thus
M|a, as an R-module, is of the shape @7t% R, where 0 < a; < n, so
MlA ®r S = @{t%S D @ﬁtns =L ®OXU hEOX(—D) ®OXU S. So we
conclude.

By Serre duality H*(X, M) = H*(X, M"Y ®0, wx)" where wy is
the dualizing sheaf of X. Let A be a very ample line bundle on X
such that A ®o, wx(D) = B is very ample as well. Let C' and C’
be smooth curves on X such that B = O (C) = O%(C’), and C,C’
intersect transversally and are both in good position with respect to
D in the sense of Remark (since B is very ample on the smooth
projective surface X, such curves C', ¢’ may be obtained by Bertini’s
theorem). Then

hy (MY @0, wx(—C)) C
LY @0y hy(ws(D—0)) =LY @0, hpA~".

Since L is a trivial vector bundle, and by choice, w}(C' — D) = A is
very ample on X, we deduce that

H(Xu, hiy (MY ®oy, wx(—C))) =
H(Xy xx C hiy(MY @0, wx(=C"))) =0
which implies
HY(X, MY @0y wx(=C)) = H'(C, M" @0, wx(=C)|c) = 0.

(We used here the fact that the global sections of a vector bundle on an
integral scheme inject in the one of its pullback to a an integral scheme,
dominant and proper over the original one.) We have exact sequences
of sheaves

0— MY ®og wg(=C) — MY Qo Wwx — MY Rog wgle — 0,

0— Mv ®(95( LUX(—O,)|C — Mv ®(9}? WX|C — Mv ®OX WX‘CQC/ — 0

coming from the ideal sheaves Og(—C) C Ox and Ox(—C")|c C Oc,
determined by closed subschemes C' C X and C' N C’" C C. These lead
to left exact sequences on global sections

(4.6) 0— H'(X,M" ®0, wg(—C)) = H' (X, M" ®0, wg)
— HO(C,MV ®OX w;(]c),
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and
4.7) 0= H(C, MY ®o, wg(—C")|c) = HY(C,M" @0, wx|c)
— H(CNC' MY @0, wxl|cncr)

In both the sequences, the left extreme terms vanish, as seen above.
So the restriction maps

HO(X, MY ®og wg) — HO(C, (./\/lv Qo wx)le)
— HO(C N Cl,./\/lv ®OX w_)‘(|c|qc/)

are injective, out of which we conclude

(4.8)

dimkHO(X,./\/lv ®0X w;() < dlmkH()(C N C/,Mv ®OX WX|C’QC”)
<r-c(B)>

Here, for the last inequality, we note that since C,C’ are nonsingular
projective curves meeting transversally, both representing the class of
the very ample divisor ¢;(B) on the smooth projective surface X, the
intersection scheme C' N C’ consists of ¢1(B)? distinct points; we then

observe that MV ®oyg wx|oner is a vector bundle of rank r on this

0-dimensional reduced k-scheme. This finishes the proof.
O

5. REMARKS

5.1. Perfect fields. Theorem [I.I]remains true if we relax the assump-
tion on k being algebraically closed under the following assumptions:

(i) k is perfect;
(ii) the Galois group Gy, of k is finitely presented.

For example, k£ could be a finite field.
Proof. We have the homotopy exact sequence
1 = m(Xgp) »>m((X) = G —1

[SGAT1, Théoreme 9.6.1]. On the other hand, tameness is preserved
by base change thus the composite 71 (Xz) — m(X) — 75 (X) factors
through 74 (X3z) — 74 (X).

Claim 5.1. 7 (X;) — 74 (X) is injective.

To check this we have a criterion.
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Claim 5.2. 7} (X;) — 71 (X) is injective if and only if for any Y — Xj
finite étale tame connected, there is Z — X finite étale tame connected
such that one has a factorization

Yoo -7
X;—— X

Proof. We have the base points x € Xz — z € X, so
7H(X3) = Aut(w,), w, : Revi(X;) — Sets, (0: Y — X3) = 0 (2)
7 (Xy) = Aut(w,),w, : Rev!(X) — Sets, (1 : Z — X) 7 '(x).

Here Rev'(X}) resp. Rev!(X) denotes the category of finite étale tame
covers, and Sets the one of sets. So 7} (X;) — 71 (X) injective is equiv-
alent to the Aut(w,)-representation o~!(x) for each o to be a sub-

Aut(w,)-representation of a Aut(w,) representation 7= !(z).
U

We have fixed a geometric point x which defines the algebraic closure
k < k < k(x). As k is perfect, k is the separable closure thus the
surjection 71 (X) — G, factors through 7{(X) — Gj. As X is of finite
type, any o : Y — Xz finite étale tame is defined over a finite extension
k' Dk, so say Y — X, where k' D k is étale. Thus Yy — X — X
is finite étale tame. This proves Claim [5.I] On the other hand, as
the image of m(Xj;) — m(X) is normal, and m(X;) — 74(XE) is
surjective, the image of 7} (Xz) — 74(X) is normal as well. Thus the
homotopy exact sequence descends to an exact sequence

1 —m(Xz) = (X)) = G — 1.

We now apply Claim (i) to finish the proof.
]

5.2. Analogy with Deligne’s canonical extension. The complex
ML M
in the proof of Proposition is analog on X¢ smooth over C with
a normal crossings divisor compactification j : X¢ < X¢ to the log-
arithmic de Rham complex Q%_(log(Xc \ X¢)) ® Mc where Mc is
Deligne’s canonical extension associated to a complex local system M
[Del70), Proposition .5.2, p. 91]. The property that under the numerical
tameness assumption this complex on Xg computes j,M is analog to

the analytic property on the local monodromies along X¢ \ X¢ which
force the condition j, M = Rj.M.
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